The operation of the 184" synchro-syclotron is reviewed in terms of the theory as developed by Bohm and Foldy. Certain relevant data on the properties of the magnet and rotating condenser are also presented.
Total
where M 0 is the rest mass of the ion, c is the velocity of light,Ze is the charge on the ion, e is the unit electric charge, and v is the velocity of the ion.
E
d. E(r) = 7 .
-the total energy of the ion, including the rest * 3 energy (Eo).
e.
c. =
where w is the angular frequency of rotation of the 4
Mc ion, and M the total mass of the ion.
f. K = 1+ --.2 A necessary physical quantity (See A-16) 5 2 K = 14-b2-an alternative expression of K valid in a parabolic 6 magnetic field (See B-5) where h expresses the rate of decrease of the magnetic field with radius, i.e., H = Hc (1 -hr 2 /2).
7
The above quantities depend on the shape of the magnetic field. In addition there are the quantities which depend on the physical characteristics of the rotating condenser that modulates the frequency of the dee voltage.4 These may 4 For the design of the frequency modulation equipment see F. H. Schmidt, Rev. Sci. Instr. 17, 301, 1946. K. R. MacKenzie, F. H. Schmidt, J. R. Woodyard, and L. F. Wouters, Rev. Sci. Instr. 20, 126, 1949 .
be expressed as a function of the phase ' of the rotating condenser, where we let 2 i'( represent the phase angle of the condenser and 't = 0 when the oscillation is at maximum frequency.
g.
%s(') = the angular frequency of the oscillator. The subscript . denotes the angular frequency the ion must have if it is to be locked into the synchronous orbit at a fixed phase angle with no oscillations about this phase
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ho =vthe ratio of the actual maximum dee voltage across the gap to the mean value during a modulation cycle. The last three quantities have been expressed as a function of 't . However, the angular frequency of the ion is determined by the expression for w given in (e) and depends on the magnetic field.
For an ion to be in the synchronous orbit at any time its frequency must also be s., This condition provides a unique correlation between the phase of the oscillator and the radius of an ion in the synchronous orbit. We accordingly denote the radius, energy, and angular frequency of such a synchronous particle by rS, Es and c. Now the phase angle, 0s, for acceleration in the synchronous orbit is given by eV s~ins =L Esc Due to the change in LEs and in V during the acceleration period Page 7
the phase angle will change during the acceleration. The motion of a particle on the synchronous orbit is described by the expressions in the preceding section. Actually, few, if any, particles follow this orbit precisely. There are deviations from the orbit due to the fact that ions
are not injected at the correct frequency corresponding to the central magnetic field, also due to the fact that ions are not injected at the synchronous phase angle 08 but of necessity near a phase angle of 900 (See B-App. I). These causes will result in phase oscillations of the radius, energy and phase angle (See
The angular frequency of phase oscillation (A-21) is given approximately for small oscillations by
The period of this oscillation will be Tph =13
'ph
The amplitude of the energy oscillation will be (A-19),
where
and Om is the maximum value of 0.
The amplitude of radial phase oscillation will be given using A-14.
There will also be additional radial oscillations --due, for example, to inhomogeneities in the magnetic field --which will be called "free radial oscillations 0 " There will also be free vertical oscillations --i.e. is the accelerating potential, and p = (pr, P, Pz) are the canonical momenta.
The investigation of the free vertical and radial oscillations near any specified radius, ro, may be carried out while neglecting the accelerating dee voltage.
The mass may be taken as constant 0 The magnetic field may be taken as a function of r and z only, where z is the distance from the median plane. In this case it is possible to set Ar 0Az = 0 and retain only A (r,z). The equations of motion of the ion about a certain equilibrium orbit of radius, ro, under these conditions can be written to the first approximation as d2L -(1-n) wo2 r, 17 d2 z = -n 10 02 -Z,
where Lr (z r -ro) is the deviation from the equilibrium orbit, % is the angular frequency in the equilibrium orbit and n is the value of n for the equilibrium orbit. The free radial oscillations will have the angular frequency .r /1-n o and the vertical oscillations will have the angular frequency uas = / o. The vertical motion will be stable only for n > 0 and the radial motion will be stable only for n (1. At n = 1 there will be resonance between the periods of rotation and vertical oscillation, so in this region the vertical amplitude could build up due to resonance effects --in the same manner as the radial amplitudes could build up at n = 0. Hence, for a stable orbit 0 <n (10 It follows that both .r and wz are smaller or slower than wJo. Consequently,
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Page 9 while the ion is performing one revolution, it will not complete a free radial or vertical oscillation. The result will be that the azimuthal position in the machine at which the ion has a maximum radial displacement will precess. The precessional period for radial oscillations will be T *27r 1 ,l8a
pr-w --and precessional angular frequency will be
The change in mean radius during a precessional period will be given by Typical operating conditions (e.g., magnetic field, tank pressure, etc.) are given in Appendix I. Unless otherwise mentioned the discussion and data refer to operation with deuterons. The deuteron beam current received on an internal target as a function of the radius is plotted in Fig. 2 . The minor variations in the ion measurements between 25 and 70 inches presumably are not significant and probably arise due to the method of reading the current. The factors that cause decrease of beam intensity (neglecting the effects at the maximum radius reached)
are effective primarily at the small radii. These are (1) gas scattering which is unimportant at higher energies; (2) return of ions' to center which takes place primarily during the first phase oscillation so that most of these ions never get beyond a radius of about 10 inches; 
where p is the orbital angular momentum for the equilibrium orbit.
The cr = r2 ')r21 represents the coupling coefficient. Transforming to action and change from its minimum value to a maximum value and back to its minimum value again --can be represented roughly by 'C -' 2 Tr*O. 8 ro . For cc = 6.4 and Ar = 1 c Ar inch the coupling period is 'CJ~ 2'T 0 10, i.e., the time it takes the ion to perform 10 revolutions, and during this coupling period at some time most of energy of radial oscillation will be in the vertical oscillation. Hence, if the duration of the coupling is as large as 'i, we can expect a considerable variation in the amplitude of Az Actually, when there is a considerable change in Ar, or Az this method of solution is not accurate. However, if the method indicates large changes, it is an indication of possible danga' points.
Now actually as the ion increases its radius the value of n slowly increases.
Whether much energy transfer takes place will depend on the length of time that the ion is close to resonance. An estimate of the effective period of resonance can be obtained as follows: let n = not er where no is the value of n at the resonance. Then substitute this expression for n in the uncoupled equations of motion, 17 and 18, and obtain the solutions for the uncoupled equation in o,, .
Taking these as the solutions of the homogeneous equations we have to solve the non-homogeneous coupled equations
The method of variation of parameters is used with the above approximate solutions. The variable coefficient in the solution then contains a term of large amplitude which is a Fresnel integral. The time taken to go from the minimum to the maximum value of this integral gives an approximation to the effective resonance period, 'CR --ie., an approximation to the time during which the coupling may be considered effective as the particle passes through the resonance value n = 0.2. It is found that
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The criterion may now be adopted that if 'tR> > J most of the, energy of radial oscillation will be transferred to vertical oscillation at least once as the ion goes through the resonance. Similarly, if a machine is being constructed and we
wish to decide what physical condition must be met to have incomplete energy transfer for n = 0.2, the condition would be approximately that 'ER <'J; i.e.,
we obtain the condition that Calculation of FR for the 184" synchro-cyclotron with Es = 2070 Mev and AEs = 6 Kev gives 1R = 2 1T' 100, i.e., the passage through the resonance takes about 100 revolutions. Hence, we can expect almost complete energy transfer and so can expect that ions with amplitude of radial oscillation, Ar, greater than 1 inch will be lost near the n = 0.2 radius due to striking the deep Now we have discussed above an experiment in which C shaped probes were used to detect the beam. In these experiments it was found that some of the beam struck the central part of the probe placed at a radius of 82 inches, but that none struck the central part of a probe placed at a radius of 83 inches. [In view of the data discussed in J15 as to the true center of rotation of the ions, we should probably correct these to 82.2 inches and 83.2 inches from the actual center of rotation of the ions.
Ions which strike in the central region of the probe may belong in one of two groups. If Ar <1 inch we may expect the ions to be accelerated past the radius at which n = 0.2 without striking the dee. It is possible by using (26) to determine a limit for a to insure that coupling be unimportant at n , 0.2. For the 184" synchro-cyclotron letting AE = 6 Kev and Ar = 1 inch it is found that the coupling coefficient (-a) should be less than 0.14. Actually, it is about 6.4. Hence, if this is the reason for losing the beam at n = 0.2, it would be rather difficult to correct the field in this case as this means determining -L r) so that it is less than 000002/ in. 2 which means very high accuracy in machine construction and field measurements. The physical process can be seen as follows. When -Q is large the strength of the vertical forces increases rapidly with radius since the field lines are more curved at the larger radii. Hence, when an ion is at large radii due to a radial oscillation, it will experience large vertical forces. At smaller radii the vertical forces will be weaker. With a suitable phase relation then it can be seen that the ion can have its vertical amplitude built up by the strong forces at large radii which are not counterbalanced by forces of similar strength at small radii.
In the case of the 37" synchro-cyclotron, with the same value of Ar and AE =5 Kev, at the radius where n = 0.2, (-a ) again should be less than 0.14. The.
actual value seems to be smaller than this. Radioautographs of C shaped probes
show that the beam does not blow up in the 37" synchro-cyclotron at the radius where n = 0.2 (ro = 16 inches) but that actually a considerable amount of the beam does reach the radius where n = 1. The difference between the two machines may be due to the fact that the rate of decrease of the field is changing rapidly for the 184" synchro-cyclotron near this radius. This is not true in the case of the 37" synchro-cyclotron.
Page 15 5b. Coupling at n = 0.25.
The coupling here would be between the vertical oscillation and azimuthal inhomogeneities in the magnetic field, the ion performing two revolutions for each vertical oscillation. A term of the form z cos 9 would give coupling at n = 0.25. It is possible to develop Hr, the radial component of H, in a series such that we can have
27 r where h is a small quantity. We then must investigate the solution of There is insufficient data on the 37" magnet to investigate the effect of this coupling for that magnet. The effective resonance time, ' 1 R, is quite a bit shorter --only 27 revolutions. Radioautographs of a C shaped probe do indicate that there is some blowing up of the beam at r = 18 inches near where n = 0.25.
Investigation of the resonance at n = 0.1 indicates that it is not dangerous.
As we go to higher order resonances the coupling is probably much weaker so that the coupling period becomes longer. Hence, these resonances are probably unimportant.
5c. Coupling at n = 0.1.
The coupling here would be between the vertical and radial oscillations with Actually, 1P2,6 will contain other terms but unless the lower derivatives are extremely large, this will be the important one to consider.. We then find for the condition ' 1 R > 'j that we must have 6480 rz6 )>a7
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Assuming Ar = 2 inches, As= 1 inch, ro = 80 inches, 0-2 = 5.7, AEs = 10 Kev, we find that the seventh derivative of (H/Ho) should be less than .1000/inch 7 .
Magnetic field measurements at each inch of radius might be used to estimate what the actual situation is by replacing derivatives by differences. However, the magnetic measurements are not good enough to give really significant values for the seventh difference. Even so, it appears that there is a large safety factor at this frequency. Phys. Rev. 73, 424, 1948. influence the variation of current with voltage: such as 1. Source current. The ion current that can be pulled out of the source will depend on the accelerating dee voltage and might be expected to vary as V3/2.
Loss of ions due to collision decreases with increasing ion energy.
Bence, if the ion has a shorter path at low energies there will be less collision loss. With higher dee voltages the path length before a given energy is attained will be shorter.
The catching efficiency also varies with dee voltage. The equation B-10
indicates for a fixed phase angle the efficiency will vary as Vl/2.
Actually, the more detailed considerations of what ions are naught in phase stable orbits indicate that the ion current variation is even more sensitive to the voltage. This is related to the fact that with higher voltages the ions caught in phase stable orbits will reach larger radii in the first phase oscillation.
Variation of Ion Current with Condenser Speed.
The ion current obtainable for fixed dee voltages but varying condenser speeds is plotted in Fig. 6 . The figure is in terms of I/Imax vs. C/Cmax, where
Imax is the maximum ion current for the given voltage and Cmax is the condenser speed at which the beam disappears. This variation of C is equivalent to varying the synchronous phase angle.
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The second paper by Bohm and Foldy gives a curve (B- Fig. 2 ) which represents the capture efficiency as a function of synchronous phase angle. However, this does not represent the above experimental data for the 184" synchro-cyclotron too well. This is primarily due to the fact that during a frequency modulation cycle of the 184" synchro-cyclotron the value of sin 0s varies by a considerable amount.
The increase of 0s from its value during the first phase oscillation to its value at the maximum (near r = 35 inches) means that the range of 0 m, the maximum value of 0 during the phase oscillation, in stable orbits will shrink. Hence, although We know that during adiabatic changes the action integral as given in (A), 
38
The value of02 at the start should be given by (B-6) give a greater range of phase stability than is given by B-8. Hence, the limiting 0o is determined by the smaller of the two quantities either B-8 or 43 above, since the first one indicates ions that can be retained at small radii and the latter indicates those that can be retained at larger radii.
The calculation of 0s depends on the value of certain quantities in the first phase oscillation. Now K varies considerably in the first few inches. A reasonable value to take seems to be that at the radius where 0 goes from positive values to negative values since only those where 0 becomes negative will be retained. We are interested in ions whose initial 0o is near the maximum positive value. A rough calculation indicates that for 0ss ( 'R/4 a reasonable value of r = 10 inches. On this basis a capture efficiency curve L 1 (o) was computed and plotted against the maximum phase angle an ion might have in its orbit (See Fig. 5) where the relation between the total range of 00 that may be captured into permanently stable orbits and L 1 (p) is given by
It will be noted that this capture efficiency drops to zero before sin 0 sf = 1. This is due to the fact that all ions captured start off with a certain minimum amount of phase oscillation ---since they start at a phase 00 = Tr/2 which is different from 0O. As 0sf -+ Tr/2 the range of phase stability decreases rapidly toward zero. Hence, ions start with a 0o which may be stable when the 08 for the ion is small at the start of the orbit --but then as 0s increases as the radius increases, the 0 falls outside of the range of stability. This capture curve is compared with experimental data in Fig. 6 . The scales have been expanded so that the curves become zero at the same abscissa. There is good agreement in the general shape of the curves.
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8. Efficiency or Acceptance Time.
An expression for the efficiency is given in B-9. With the changes in notation introduced in this paper and using 37 the efficiency, E, will be given now by comes into the range for acceleration into stable orbits, a certain fraction will be accelerated. If not, the ions are presumably lost to the top or bottom of the tank. Hence, the maximum length of arc pulse which can create ions that can be accelerated into stable orbits will be the sum of the persistence time plus the time that the frequency is in the range for acceleration into stable orbits.
This latter time is what has been called the "acceptance" time in these papers.
The data in Fig. 7 indicates a persistence time of about 60 s (from t z 20 is to t v 82 [s) and an acceptance time of about 40 s (from t = 82 ps to t = 122 s)
The observed "efficiency" will be the ratio of the "acceptance time" to the
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Page 22 length of the cycle --so in this case where the cycle is 1/80 of a second, = (40 s)/(1/80 sec.) = .0032 which is in reasonable agreement with the efficiency computed above.
[The integrated current comes out to be 105V a. This is also in fair agreement with the total current normally received.]
9. Efficiency as a Function of Rate of Frequency Modulation.
The efficiency depends, as is indicated in (44), on the rate of frequency modulation during the first phase oscillation. It also depends on which ions caught in the first phase oscillation can be retained in stable orbits. The maximum frequency of the oscillator in the 184" synchro-cyclotron under normal operation is 12.61 megacycles, (See Fig. 1 ). The frequency for catching deuterons is 11.47 megacycles for He 15,000 gauss. Hence, the frequency is changing fairly rapidly in the first phase oscillation. By making an appropriate adjustment it was possible to have the maximum frequency in the fm cycle only 11.63 mc so that the rate of frequency modulation was much slower during the first cycle.
Hence, this factor would indicate a considerable increase in efficiency. The effect of this change in d I n u1
is to start ions off with a small phase dCG angle, Os, and subsequently introduce a large change in it. But the function L 1 (f ) will be small for very small values of /D (= sin 0). Thus the gain from other factors will be offset to some extent.
Data is not available to investigate thoroughly this effect. However, rough calculations indicate that the efficiency probably should be increased somewhat, say 20 percent in one of the cases investigated. The experimental data gave values of increase in efficiency ranging from 0 percent to 17 percent.
10. Tank Pressure.
The 184" cyclotron dee will not hold voltage if the pressure in the tank is much above 2 x 10-5 mm Hg. On the other hand the normal operating tank pressures are in the neighborhood of 1 x 10"5 mm Hg. Hence, it has not been possible because of this limited range to obtain much satisfactory experimental data on the variation of ion current with tank pressure.
Page 23 11. Vertical Focusing.
Electrostatic focusing in cyclotrons has been considered by Rose 6 and Wilson. 7 6 M. E. Rose, Phys. Rev. 3, 392, 1937. 7 R. R. Wilson, Phys. Rev. 53, 408, 1937. It is due to the vertical components of the electric field near the dee gap. The formula derived by Rose is valid at larger radii, where the ion crosses the accelerating gap in a relatively short time.
If the acceleration is averaged over one period of rotation, the mean acceleration is given by
41n-(E-Eb)
This expression breaks down for E -Eo 0, i.e., at small radii, since here the ion spends most or all of its time in the accelerating region. For very small radii we can assume that the ion is in an electrostatic field uniform in the Now it has been pointed out before that the effective value of 0 near the beginning of the orbit is 0o 900. Also, most of the ions that are caught have 0> 0 at the start. Hence, 0 > 1r/2 in the early part of the acceleration and we can expect a defocusing electrostatic force for most of the ions with which we-are concerned.
A magnetic focusing force is the only force that can be used to counteract this defocusing force. The magnitude of the magnetic focusing force is given by (18). The value of n at the center is zero. Hence, to introduce magnetic focusing as rapidly as possible small cones of mild steel were put'in the central part of the magnet on the pole faces. At first cones with base diameter 4 inches and 1-7/8 inches high were used, later cones with base diameter 6 inches were used.
With the cones in place the field is essentially constant to the 1 inch radius, then falls off about linearly with radius, however with the cones removed the field is constant to the 8 inch radius then falls of linearly. With these cones removed, the ion current received on an internal target at the 80 inch radius is approximately 10 percent of the ion current obtainable with the cones in place 0 It, therefore, seems very desirable that such cones be used to produce vertical magnetic focusing at as small a radius as possible.
12. Oscilloscope Data.
It has been possible to examine the structure of the individual beam pulses that are received once each frequency modulation cycle, using a synchroscope and taking photographs of the oscilloscope pattern. Time markers were superposed on the beam pattern to permit determination of time intervals. Typical photographs are given in Fig. 9 . A schematic picture is given in Fig. 8 -with the notation which is to be used below. Data obtained from such photographs are given in Table 30 The ions as they are accelerated oscillate in various fashions about a synchronous orbit of steadily increasing radius The actual motion of the ions which affect these oscilloscope patterns can be broken down into three components.
1. Expansion of the synchronous radius.
Phase oscillations about this radius.
3. Free radial oscillations about this radius.
The most noticeable thing about the pictures is the series of small pulses that occur every 7-13 microseconds, depending on the radius. by the full period Tph, must mean that ions that strike the probe in the early group have an amplitude of free radial oscillation which is about as large as or larger than the amount that the radius increases in a period of phase oscillation.
It was also observed while making these oscilloscope pictures if the arc pulse was moved so that the arc was pulsed very late that these ions were received at the probe at a somewhat earlier time than the ions which start just before them.
This effect probably is to be interpreted in the following manner. Ions that start late will have large phase oscillations. Hence, for most probe positions these late ions will be expected to strike the probe earlier than ions with smaller phase oscillations.
Width of Beam on Probe.
When the ions strike the probe they will not be scraped off by the very edge of the probe, but will hit at various small distances in on the probe due Various experiments have been performed to determine the distribution of the beam on the probe. In one experiment a lead probe was inserted into the beam at a radius of 81 inches. Thin slices also were taken off the leading edge of the probe and specific activity counts were made. The number of counts at various distances is shown in Fig. 10 . The activity is almost all confined to h ( 0.16 inch --only about 5 percent of the measured activity shown on the curve having a greater h. The counts for h > 0.20 inch can probably be attributed to ions which pass through the edge of the probe and then are scattered, or lose energy and process with a large Ar.
14. Amplitude of Free Radial and Vertical Oscillation.
A method of accurately determining the amplitudes of radial oscillation has .7
.,Em 
